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Abstract
In this paper we consider models built in [3] for short-term, mean-term and long-term morpho-
dynamics of dunes and megariples. We give an existence and uniqueness result for long term
dynamics of dunes. This result is based on a time-space periodic solution existence result for
degenerated parabolic equation that we set out. Finally the mean-term and long-term models
are homogenized.

1 Introduction and results

In Faye, Frénod and Seck [3], based on works of Bagnold [2], Gadd, Lavelle and Swift [5], Idier[6],
Astruc and Hulcher [7], Meyer-Peter and Muller [11] and Van Rijn [13], we set out that a relevant
model for short term dynamics of dunes, i.e. for their dynamics over several months, is

0z° a

S~ =V (1= bem)g, (ju) V=) = V- ((1 - bem)gc<|u|>ﬁ) : (L1)
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where z¢ = 2¢(z,t), is the dimensionless seabed altitude at ¢ and in z. For a given constant T, ¢t €
[0,7), stands for the dimensionless time and x = (1, ) € T?, T? being the two dimensional torus
R2/ 72, is the dimensionless position variable. Operators V and V- refer to gradient and divergence.
Functions g, and g. are regular on R* and satisfy

ga > ge >0, gc(0) = g.(0) =0,

3d > 0,sup,eg+ |ga(w)| + sup,ep+ |95 (u)| < d,

(1.2)
sup, g+ [ge(w)] + supy,cp+ |g:(u)| < d,
EUHW Z 0, EGthr > 0, such that u Z Uth,,« - ga(u) Z GthT'
Fields u and m are dimensionless water velocity and height. They are given by
t t
u(t,z) =U(t, -,x), m(t,z)=M(t, -, ), (1.3)
€ €
where
U=Ut0,x) and M = M(t,0,z) are regular functions on RT x R x T,
0 — (U, M) is periodic of period 1,
ou, ou oM, oM
— |, | == —|, | =+ bounded by d
|U|, |6t ) |59|’ |VU|, |M|’ | ot |a | 90 |VM|are ounded by a, (1.4)
Y(t,0,r) € RT x R x T2, [U(t,0,2)| < Uy =
au oM
E = 0, W = 0, VM(t,H,(E) =0 and VU(t,@,x) = 0,
36, < 6, € [0,1] such that V 0 € [04,0,] = [U(t, 0, 2)| > Uppy.
A relevant model for mean term, i.e. when dune dynamics is observed over a few years, is
0z¢ a . c u
E L9 (1 - byem)ga(ul) V=) = S+ (1 byem)ge(ul) ) (1.5)
ot e € [ul
with condition (1.2) on g, and g. and with u and m given by
u(t,r) = Ut~ =), mt,a) = Mt —=, ) (16)
T) = —, -, x) = —, -, .
) 3 \/g’ 67 ) ) ) \/g’ 67 )
For mathematical reasons, we assumed
Z/Nl(t, 7,0,2) =U(t,0,2) + el (t,T,0,2), (1.7)

where U = U(t, 0, x) and Uy = Uy (t, 7,0, ) are regular. We also assumed that M = M(t, 7,0, x) is
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regular and

0 — (U, Uy, M) is periodic of period 1,
7 — (U1, M) is periodic of period 1,
ou, ou (91/11 oy, ol
ul G Vg 90 . (5551 (52 g, 1o,
aﬁ?
|M], [, | | | |VM]| are bounded by d,
Y(t,7,0,z) € RT x R x R x ’]I‘Q, |Z/l(t,T,9,fE)| < Uphy =
X 1,7.0,2) = 0, L(t,7,0,2) = 0, Vl(t,7,0.2) =0,
ot oM or oM
W(t,ﬂ@,x) =0, W(t,T,G,x) :? and VM(t, 7,0, x) =0,
30, < 0., € [0,1] such that ¥ 0 € [0a, 0,,] = [U(t, 7,0, 2)| > Uspy-
A relevant model for long-term dune dynamics is the following equation
0z¢ a . c
o~ V(= bem)g () V) = 5 (1= bemae(fu ). (1.9

where a, b and ¢ are constants, where g, and g. satisfy assumption (1.2), and where z¢ is defined on
the same space as before. It is also relevant to assume

t t t t
u(z,t) = u(tv Eaz) = uO(E) + eZ/ll(E,x) + 62“2(t7 Eaz)a

m(t,2) = MC,2) + EMa(t, -, ), (1.10)

where Uy = Up(0), Uy = U1 (0, x), Us = Us(t,0,2), M = M(6,z) and My = Ms(t,0,z) are regular
and

0 — (Uo, Uy, Us, M, My) is periodic of period 1,
tol, 10, ], 198, (e, el 1), |, (W], M, (S,
VM), [Mal, |8/\?2|, |8§;2|, VM| are bounded by d,
V(t,0,z) € RT x R(;Z{W o (0) + elhy (6, ) + EUs(t, 0, )| < Uppy = a11)
a; (t,0,x) =0, VU (0,2) =0, Vis(t,0,2) =0,
5?? (t,0,2) =0, VM(0,z) =0, VMy(t,0,2) =0,
30, < 0, € [0,1] such that V 6 € R, 0 € [0,, 6.]
= |Uo(0) + U (0, ) + €2Us(t, 0, 2)| > Uppyr.

Equations (1.1), (1.5) or (1.9) need to be provided with an initial condition

Zf1=0 = 20, (1.12)
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giving the shape of the seabed at the initial time.

In [3], we then gave an existence and uniqueness result for short-term model (1.1) if hypotheses
(1.2), (1.3) and (1.4) are satisfied and for the mean term one (1.5), if hypotheses (1.2), (1.6), (1.7)
and (1.8) are satisfied. This result was built on a time-space periodic solution existence result for
degenerated parabolic equation. Under the same assumptions, the asymptotic behaviour of z¢, as
e — 0, solution of short term model (1.1) is also given by homogenization methods. Futhermore
if moreover Ui, = 0, a corrector result was set out, which gives a rigorous version of asymptotic
expansion of the sequence z¢:

t t
2(tx) = Ut,-,x) + eUrt,=,x)+..., (1.13)
€

€

where U and U! are solutions to

oU ~ 5
-V (AVU) -v.-C, (1.14)
Ut S S U ~
va-(AVU)fV-CmLEJrV(AlVU), (1.15)
where A and C are given by
~ ~ U, 0, x
A= aga(u(t.0.)) and € = eg.(U(t.0.0) g (1.16)
and jl and C~1 are given by
A (t,0,2) = —abM(t,0, ) ga(U(1, 0, ))),
5 U, 0,x)
and C1(¢,0,x) = —cbM(t,0,z) g.(JU (¢, 0, x)]) (1.17)

U(t,0,z)]

In [3], we did not state neither any existence result for long term model (1.9) nor any asymptotic
behaviour result for mean term and long term models. Stating those results is the subject of the
present paper. We will now state those main results. The first one concerns existence and uniqueness
for the long-term model.

THEOREM 1.1 For any T > 0, any a > 0, any real constants b and ¢ and any € > 0, under
assumptions (1.2), (1) and (1.11), if
20 € L*(T?), (1.18)

there exists a unique function z¢ € L>([0,T), L*(T?)), solution to equation (1.9) provided with initial
condition (1.12).
Moreover, for any t € [0,T], 2 satisfies

12Nl o= ([0,7), L2(T2)) < 7, (1.19)

for a constant ¥ not depending on € and

o[ )

dt

=0. (1.20)
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The proof of this theorem is done in section 2, except equality (1.20) which is directly gotten by
integrating (1.9) with respect to  over T2.

We now give a result concerning the asymptotic behaviour as € — 0 of the long term model. We
notice that, since i and M + €2 M5 do not depend on t and = when U < Uyp,, we have the following

property:

Vo € [0, 1], (3(15,:0) € [0,7) x T2 such that U(t, 0, z) = 0 or M(0,z) + Ma(t, 0, z) = o)

= (V(t,:z:) €[0,T) x T2, U(t,0,2) = 0 and M(0,x) + Ma(t,0,x) = 0), (1.21)

and
{9 € [07 1]7 u(ﬂ 0, ) =0 and M(ov ) + €2M2('; 0, ) = 0}

is an union of several intervals. (1.22)
Moreover we denote
0=1[0,T)x {# €R, U(-,0,") = 0 and M(8,-) + €May(-,0,-) = 0} x T?, (1.23)
and
Oy = {(t,0,2) € [0,T) x R x T%, U(t,0,2) < Ugnr}. (1.24)

THEOREM 1.2 For any T > 0, under the same assumptions as in theorem 1.1, the sequence of
solutions (z°) to equation (1.9) given by theorem 1.1 two-scale converges to a profile
U e L>([0,T], LF (R, L?(T?))) which is the unique solution to

~ V- (AVU) =V -C on ([0, T) x R x ’]I‘Q)\@, (1.25)
oU
50 = 0 on Oy, (1.26)
and )
/ / Udbdz = / zodz, (1.27)
0 T2 T2

where A and C are given by

A= aga(U(t,0,2))) and € = cgo(u(t, 6,2)]) L

7|L{(t,9,:c)|' (1.28)

Above and in the sequel, for all p > 1 and g > 1, we denote by
L% (R, L9(T?)) = {f : R — L9(T?) mesurable and periodic of period 1 in @ such that

0= 110 ey € L2([0,1]) }.

REMARK 1.1 Notice that ([O,T) x R x ']TQ)\@ N O¢py is not empty. On this set 0 < U < Uy,

This contributes to make of (1.25),(1.26) a well posed problem.
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Now we turn to mean term model for which we set out asymptotic behaviours.

THEOREM 1.3 Under assumptions (1.2), (1.6), (1.7) and (1.8), for any T, not depending on e,
the sequence (2%) of solutions to (1.5) built in [3] provided with initial condition (1.12) two-scale
converges to the profile U € L=([0,T] x R, LE (R, L*(T?))) solution to

%—Z—V-(KVU)zv-& (1.29)

where A and C are given by

Ut,r,0,x)

A=ag.(U(t,7,0,2)|) and C = c g (U(t,T,0,z)]) Ut 0,2)

(1.30)

Finally, a corrector result for the mean-term model is given under restrictive assumptions.

THEOREM 1.4 Under assumptions (1.2), (1.6), (1.7), (1.8) and if moreover U, = 0, considering
function z¢ € L*([0,T), L*(T?)), solution to (1.5) with initial condition (1.12) and function U€ €
L>([0,T), L*(T?)) defined by

t t
Us(t,z) =U(t,—, - 1.31
(ta) = Ul 2. .2), (131)
where U is the solution to (1.29), the following estimate is satisfied:
‘ @-U <a, (1.32)
Ve e (o,r),L2(r2))
where a is a constant not depending on €.
Furthermore,
€ _Ue
ZT two-scale converges to a profile Uy € L>([0,T] x R, L"#O(R,LQ('H‘Q))), (1.33)
€
which is the unique solution to
oU1 ~ ~ ~ oU
2 _ . 1 — . . _— .
-V (AVUy) =V -G+ V- (A4VD) — (1.34)
where A and C are given by (1.80) and where .Zl and 51 are given by
-’Zl (tv T, 97 SC) = 7abM(t7 T, 97 SC) ga(|u(ta 95 T, ZL')D,
and Gy (t,7,0,2) = —cbM(t, 7,0, 2) gu([U(t, 7,0, 7)) ALT00) (g 55y
1\ 7,0, - s Iy Yy Je y 1 Uy |U(t,7’,9,1')|- .
2 Existence and estimates, proof of theorem 1.1
Setting:
~ t
A(t, x) = Ae(t, E,x), (2.1)
and
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where _
Ac(t,0,2) = a(l — beM(t,0,2)) ga(JU(2, 0, 7)), (2.3)
and (.0
Cult,0,2) = c{1 — beM(t,0.0)) 9o (1, 0,)) i g (2.4
equation (1.9) with initial condition (1.12) can be set in the form
0z¢ 1 o ey 1 .
o @y AVE) =gV Cy (2.5)

€ —
Z‘t:o = Z20-

Because of hyptothesis (1.9) and under assumptions (1.2) and (1.11), A, and C, given by (2.3) and
(2.4) satisfy the following hypotheses:

0 — (.ZE,C:) is periodic of period 1,
z— (A, C.) is defined on T2,

oA, aC. OV A,

Al <~ |C.| < < &2 < 2 < 2 (2.6)
|A€| — 77 |C€| =7, Gt > €9, Gt S € 77 Gt S € 77
DA, aC. ~ ~ ov-C|
Fel <« < C.| < <
250 | <7 [2a| =7 VA < ey, [V-C| < e, <€y,

Ginr, O < 6., € [0,1] such that ¥V 0 € [0a, 0,] = Ac(t,0,2) > Ginr,

DA, —
. ) Ac(1,0,2) =0, VA(t.0,2) = 0. (27)
A(t,0,2) < Gupr = a“gf
a_;(tvevx) :07 V(Z(t,@,z) :05
and
~ — s ~ ~ ~  10A. ,
Cel < A, (G2 <A A, VAL < el A, |55 < Al .
OVA) 2 _ 5 % 5 RPN TR ARy ‘
— < . < — < — < .
=5 el |V < el [T < e, |5 = el

In this section we focus on existence and uniqueness of time-space periodic parabolic equations.
From this, we then get existence of solution to equation (2.5). Existence of z¢ over a time inter-
val depending on ¢, is a traightforward consequence of adaptations of results from LadyzensKaja,
Solonnikov and Ural’ Ceva [8] or Lions [9]. Our aim is to proove that z¢ solution to (2.5) is bounded
indepently of e. We are going to introduce the following regularized equations. We recall that the
method used is similar to the one used in [3].

a8 1 . N
90 EV' ((Ae(t,.v.) +v)VS ) = EV.CC(t,.,.), (2.9)
and o5t 1 1
f £ - : A Tyt v = — . ” I
mut gy Y ((A‘(t’ ) HV)VSM) —V - Celts), (2.10)

where p and v are positive parameters.
We first prove existence of solutions S;; of (2.10) and we give estimates of Sy;.
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THEOREM 2.1 Under assumptions (2.6), (2.7) and (2.8), for any u > 0 and any v > 0, there exists
a unique S}, = S¥(t,0,x) € CON L*(R x T?), periodic of period 1 with respect to 6, solution to (2.10)
and reqular with respect to the parameter t. Moreover, the following estimates are satisfied

zlelg /11‘2 S, (0, z)dz| =0, (2.11)
v Y
||VSMHL§#(]R,L2(’]I‘2)) < 2 (2.12)
,y2
[AS); HL2 (R,L2(T2)) < \/_ 2 +1, (2.13)
oSy,
—— (— +1), (2.14)
H L2 (R,L?(T?)) \/5
2 2
VS, ||L°° (R,L2(T2)) < 32 + : (7 +1), (2.15)
7?2692
oo < .
IS, ||L (R,L2(T2)) 2 + — ” (V2 +1), (2.16)
asv -
<él(+d), (2.17)

L3 (R,LA(T2)

Proof . (of Theorem 2.1). The proof of this theorem is very similar to the one of Theorem 3.3
of Faye, Frénod and Seck [3]. The big difference is the presence of %— factors in (2.10). Hence we
only sketch the most similar arguments and focus on the management of those %—factors.
Integrating equation (2.10) over T? gives

oSy 1 . 1 .
v Bde — = - v == - 2.1
u/wsudxju et /Wv ((Ae—i—u)VSM)dac ; [,V Ca (2.18)

then

d( ) Shd
M/ SZd.T-‘rw:O,
T2

which gives

v vig —u(6—06
S, (0, x)de = [ S;(0,7)e wO=9 gy,
T2 T2
Since S is periodic of period 1 with respect to 0, fﬂ,z (0, x)dx is also periodic of period 1. Then
(2.11) 1s true.
Multiplying equation (2.10) by S}, integrating over T? and from 0 to 1 with respect to 0 gives

! d”SV”Q 1 ! 1 v |2 7 ! v
0 0 T2 0 T2

Since Ae + v > v and taking into account that the above first term is positive and the second one
equals zero, we have
v

1
V|2 b v
E/ VSkPdedd < 2[VSk 12, w02,
0 JT2
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then
||VS HL2 (R, L2(’]I‘2)) HVS HL2 (R,L2(T2))>

which gives (2.12).

Multiplying (2.10) by ;9 , integrating over T? and integrating from 0 to 1 with respect to @ gives

asy, 1 [t 8A ) 1 [t ac
= — dxdf + — dzxdf
H L2, (R,L2(T2)) 26/0 /Tz 00 | dwdf + 6/0 /1r2 a0 " ont
Y(lioer v
<< (gﬂvsu”%i(ua,m(qﬂ)) + HVSMHLi(R,L?('JT?)))v
which gives (2.14).
Multiplying (2.10) by —AS};, and integrating over T? gives
SV 1 B
/ |V8”|2d:z:+/ VL V() dat < | VA VSiASdrt
T2
1
/ (Ac + v)|ASY2dx V- C.ASYd,
€ T2

or

i, LAIVSL3 : »
HIVSI+ 5t ¢ [ (e vlas P -

L va VS/AS!d x—l V- CAS) da.
€ Jr2 T2

Since for any real number U and V

A+

v €
UV| < =“—U%+ —= V2,
V) < 2 s
using this formula with U = AS)/, V = w , we have
1 ~ 1 -
= | VA VS/AS/dw < A +V|AS”| dx +/ —— VA - VSZFd;c.
€ Jr2 T2 T2 €(Ac + 1)
Taking U = AS),, V = V-TC} and using again (2.21) we obtain
1 ~ 1
—/ V. CAS! < A+”|A5”|d +/ ST A
€ Jr2 T2 e(Ac +v)

These two results give

1d|VSY -
/LHVS”HQ u + —/ (Ae + V)|ASZ|2dz <
d9 € Jr2

fle+u 9 1 1 N - -
/]1‘2 2¢ uldo + 6/]1‘2 e(A +v) (|VA€ VSIm+ IV -C )dm

(2.19)

(2.20)

(2.21)

(2.22)
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or, using (2.6),

d VS”
T2

2
v - v|2
HIVSiIE+ 53— o (/T2|VS#| dz+1), (2.23)

and integrating from 0 to 1 with respect to 6, we have

1 i 2 1
v ( e+ V) V|2 &y V|2
2 _— < — .
VS, L2 2 croy) +/O /T S |AS)Pdwdd < — (/O /T |VSy |2 dudt +1)

From this last inequality, we deduce

<

v V|2 ey? ?
iHASHHL;&(R,N(W)) = _(

+1),

then )
< 2% ('Y

V|2
1AS 22, 22y < =5 (5 + 1),

which gives (2.13).
As ||VSZ||L§¢(R7L2(T2)) is bounded by I (see (2.12)), we can deduce that there exists a 0y € [0, 1]
such that

v gl
IVS, (0o, )z < - (2.24)
From (2.23) we have
dIVSII3 _ 2e9? 5
< v 1). 2.2
< I ([ vsipde+) (225)

Integrating (2.25) from 6y to an other 6y € [0, 1] gives

v

VS (0, ) — VS (80, |2 < 27 " VSY2dx +1 ) do
VS, (01, )12 = VS, (6o, )5 < ; T2| | dr +
0

< 267

(VS22 e pomy +1) (2:26)

giving the sought bound on [|VS}/(61, -)|\L$(R7Lz(rﬂ-z)) for any 60 or, in other words (2.15).
Using Fourier expansion argument, because of (2.11), we have
> e
150,12 < IVSE(0,)5 < -5 + 2=~ (-5 +1), (2.27)

and then (2.16).

We have that 6;“ is solution to

oS, 5(65?) 1 . 08, \ 1 (0C\  1_ (DA
o+ =g~ V(A (GE) = v () + v (G vse). e

from which we deduce

dHZ)‘SM . .
1 at ||, 1 - AT 1 y oS,
§T+E/m MC*”MW” d“’”*"/ Ce-V( ot )dz, (2.29)

oS,
{F
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where

; ac; OA. S 9C.  OA.
““o o v (
From (2.6), (2.12) and (2.13), we have

e+ vsu). (2.30)

5 Yl
. 1 L4+1). 2.31
L (]RLQ(’]TZ)) ( + = +e\/ -+ ) (2.31)

’ v+ 2L ) ch’

LL (R, LZ(TZ))

Integrating (2.29) from 0 to 1 with respect to the variable 6, we obtain

oSy, oS
v} §627(1+1)HV—# ;
8t L3 (R,L(T?)) v % (R,L2(T?))
then aSv
HV—“ <X+,
ot 1112, (r,L2(T2)) v v

Using the Fourier expansion of S;/, we have for a given 6

S,
92 03], < 520+
v v
Thus, as previously, we get
oS,
v | sea+ D 5] <)
L3 (R,L2(T?)) u 1/ L3 (R,L2(T?)) v v

]
Since the estimates of theorem 2.1 do not depend on u, making the process u — 0 allows us to
deduce the following theorem.

THEOREM 2.2 Under assumptions (2.6),(2.7) and (2.8), for any v > 0, there exists a unique S¥ =
S¥(t,0,x) € L*(R x T?), periodic of period 1 with respect to 0 solution to (2.9) and submitted to the
constraint

sup S”(G,x)dx‘ =0. (2.32)
6eR T2

Moreover, the following estimates are satisfied

8 gl 2 72 22
< ——/(=—+1 VS| Lo < 1 2.33
H L% (R,L2(T2) ~ \/ev (21/ +1), I HL (R,L*(T*)) 2 + v ( Jr ) )
2e7y? oSY v vy
181l b, £2(72y) < \/— §+1), H L (L1 §€3;(1+;). (2.34)
# £

Proof . (of Theorem 2.2). As estimates of Theorem 2.1 do not depend on i, to proof existence
of 8§, it suffices to make p tend to 0 in (2.10). Uniqueness is insured by (2.32), once noticed that,
if §¥ and S” are two solutions of (2.9), with constraint (2.32), S¥ — S” is solution to

(S” — 8)

1 1 v oV _
50 — EV-((Ae-i-V)V(S -8") =0, (2.35)
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from which we can deduce that
V[V(S” - SU)H%;(R,LZ(W)) =0, (2.36)

and because of (2.32), and its consequence:

S8 — g””Li(R,LZ(TZ)) < v(s” - gy)”Li(R,LQ(’H‘?))v (2.37)

that _
Sv=s. (2.38)
[

Now we get estimates on ¥ which do not depend on v.

THEOREM 2.3 Under the assumptions (2.6),(2.7) and (2.8), the solution 8", of (2.9) given by the-
orem 2.2 satisfies the following properties

VA|VS” < 2.
H A€|VS | Li(R,L%Tz)) =7 ( 39)
Oe 1/2
(/ |V8”|2dacd9) < 2, (2.40)
o E \/ Gthr
HVS”(HO, )H2 < %, for a given 0y € [04,0.], (2.41)
\V Gthr
v gl 3
IS” 150 (r,22(12)) < —== + 2¢7°, (2.42)
Z( (T2)) @
05" |I* + ey
HW < 6(7 —L + (y* +6274))- (2.43)
L% (R,L2(T?)) Conr

Proof . (of Theorem 2.3). Multiplying (2.9) by 8” and integrating over T? yields

1d

- v|2 1/ e v |2 __1/ ~. v
2d9/Tz SRt 1 [ (A n)|9S P =~ [ Vs (2.44)

Integrating (2.44) in 6 over [0, 1] gives

1 . 1 —
l/ / (Ac + )| VSY|?dx < 1/ / \ A VS |dz, (2.45)
€ Jo T2 € Jo T2

then we obtain (2.39).
Assuming (2.7), we have

6 1
Ginr v2dpdn) < ' A VS Pdzdd)” < ||\ A|VS”|
Ve ([ [ roseasan) ™ < ([ ) <[va
6 T2 04 T2

o

L2,(R,L2(T?))
(2.46)
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From (2.39) and this last inequality we get (2.40). Then, there exists a 6y € [0, 0.,] such that S¥
satisfies (2.41).
Using the Fourier expansion of §¥ and the relation (2.32) we get

gl

8 (00,)|, <[|vs7 (0.0, <« A= (2.47)
‘ 2 2= /G
Multiplying (2.9) by S, integrating over T? we obtain
1d||SV(95)H% 1/ 1 v 2 _ 1/ s oV
5 0 + - T2(AE +v)|VSY (0, )P dx = < ) |V -C.S"(0,)|dx
Applying formula (2.21) with V' = @ and U = |S¥[, we get
1d8¥(0,-)II3 1/ T 2 / (A +v) 2 1 512
ST 2 (A ) Vst (e, ) Pde < | [\ sv b V-G da
st A IS @< | GRS O £ oV -G

which gives

USR] e >(|vsv<e,~>|2W)dzg/Wﬁ|v C.lda. (248)

Using Fourier expansion of §¥(0, -), one can prove that the second term of the left hand side of (2.48)
is positive, then we have

diS" (0, 113 < 2/ %W-@Fdz. (2.49)
do T2 €(Ac + V)

Using (2.6), (2.8) and integrating (2.49) from 6y to 6 € [0, 1], we obtain
15760, )13 < 8" (6, )13 + 2¢7°, (2.50)

then inequality (2.42) is satisfied.
Using inequality (2.39) and from hypothesis (2.8) we get

< erly/as
L2, (R,L?(T?))

Multiplying (2.9) by —AS” and integrating in x € T? we get

H(’?(VKG)VSV

2~2, 2.51
5 €y (2.51)

<
L% (R,L2(T?))

1 -
2d@uvs"HQ / (4 +u)|AS"|2d$+ /VA VS AS e = [ V-CoA8"dr. (252)

T2

Using (2.21) with U = |ASY| and V = M and with U = |[ASY| and V =
(2.52) becomes

1d

1 [+ VA VC|?
2d9||v5"||2+—/ (A +v)|AS" Pda < —/ [' Cvsepz 4 =

da, (2.53)
Ac+v A +v

which, integrating from 0 to 1 yields

1 1
/ AJAS” |2dzdd < 2672(/ / |A|| VS |2dxdf +7) < 2692 (v2 + 7). (2.54)
0 JT? o Jr2
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As -
0A. ~
OA o 2y, (25%)

we obtain

< eV2ev% /1 + 7. (2.56)

L% (R,L2(T?))

||/ Zess

Now we set out the equation to which 652 is solution. We have
o (08N 0 08V 1 DA, ~ aSv\  1_ 0A.
%(at)_&(ae)_z( ot (A€+”)Vat)+2vat’
then 25~ is solution to
o 108"\ 1 - aSY 1 DA, 1_ 0OC.
il _Iv. — V. ) ) 9.
ao( ot ) =V (A v ot ) =2V ( ot )+ ot (257)
Multiplying (2.57) by 2 at " and integrating in z € T2, we get
0812 1 S |2 1 dA a8” 1 AC. || OS¥
de < = d - dx.
2d9H /(A +V’V = e/TZ V5 He/w at 1"
(2.58)

~ 12 .
Using the fact that ’% < 62’)/2‘./46‘, the second term of the right hand side of (2.58) satisfies

J.

In the same way, using (2.8) we deduce the following estimate for the first term of the right hand
side of (2.58)

aC. asv asv asv

ot

dx < ey dr < ey (2.59)

2

Y 88” 8A V) aA 88”
— 1 |Vs”| |V [VS”| H 5
88”
< 242 L|IVS” A v 2.60
< |\Awsl| ol e
Using inequalities (2.59), (2.60) and (2.39) and integrating (2.58) in @ over [0, 1], we have
88” 0S¥
H\/ (A +v) < ey|[\ AV
L2, (R,L2(T2)) L2, (R,L2(T2))
~ |08
+2v3 |\ AV 5 (2.61)
12, (R,L2(T2))
From this last inequality, we deduce
85”
‘ <e(y+er’), (262)
12, (R,L2(T2))
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and then . ,
/ va(j; do < 22D (2.63)
Oa 2 Gthr
From (2.63), we deduce that there exists a 0y € [0, 0.,] such that
oSY 3
Hv ot (90’-) < €’Y+~6/7 ’ (264)
2 \/ Gthr
and, since the mean value of aS — (0o, -) is zero,
oSY 3
H - (00,)|| < el (2.65)

To end the proof of the theorem it remains to show that 66—5: is bounded independently of v in
LE(R, L? (’]TQ)) For this we will estimate the right hand side of (2.58) by applying formula (2.21)

with V' = |V | to treat the second term of the right hand side of (2.58) and with
|6A€ ||VS”| and U = |V‘9 | to treat the first. It gives:

<H“” ) pa :

1 Ac+v|_08”

3 0 ) 2 |V | ®
ac. |2 dA,

2 ~
< / ~7d:c+/ —O . dr < ey? +63’}/2/ A VS [2dz, (2.66)
T2 (A + V) 2 €A+ V) T2

where we used hypothesis (2.8) to get the last inequality. Integrating this last formula in 6 over
[6o, o] for any o > 6y, we obtain, always remembering (2.39),

2

+e(7? + e29%). (2.67)
2

oS?
H (0,

2 v
o) < |5

ot

From inequality (2.67) we obtain directly the inequality of (2.43), using the periodicity of S”. ]
Estimates (2.42) and (2.43) given in theorem 2.3 do not depend on v. Making v — 0, allows us

to deduce that, up to a subsequence S§” — S € Ly (R, L*(T?)) weak — *. Concerning the limit S
we have the following theorem.

THEOREM 2.4 Under assumptions (2.6), (2.7), (2.8), there exists a unique function S = S(t,0,x) €
LE (R, L?(T?)), periodic of period 1 with respect to 0, solution to

~ 1 ~
_7_v'(“46(ta'a')v‘s):Ev'ce(ta'a'>a (268)
and satisfying, for any t,0 € RT x R

/ S(t,0,z)dx = 0. (2.69)
'JT‘Z
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Moreover it satisfies:

Y
HSH%;;(R,N(TZ)) < ——+ 26’}/3, (2.70)
Gthr
v+ 6’}/3
H HL‘X’ R,L2(T2)) ~ ( +(7 + 6274))- (2.71)

Gthr

Proof . (of Theorem 2.4). Uniqueness of S is not gotten via the above evoked process v — 0, but
directly comes from (2.68). Assuming that there are two solutions S; and Sy to (2.68), we easily

deduce that
2
a(Isi-:13)

T 2
c — dr =0, 2.72
70 . TZA IV(S§1 — S2)|"de =0 (2.72)
which gives, because of the non-negativity of fL,
<o @9
From (2.72) we deduce that either
A V(S - 8P =0, (2.74)
or, for any 6 € R,
I81(6 +1,) = S2(0+ 1,-)5 < [[S1(6, ) — S2(6,-)ll5 (2.75)

As (2.75) is not possible because of the periodicity of §; and Sz, we deduce that (2.74) is true. Using
this last information, we deduce, for instance

V(Sl — SQ)(@N, ) = 0, (276)

yielding, because of property (2.69),
(81 = 82) (B, )l < IV(S1 = S2) (B, )5 - (2.77)

Injecting (2.74) in (2.72) yields

d (||31 - 52||§) . )

e 219
and then ,

[(81 = 82)(0,-)ll; =0, (2.79)
for any 6 > 60, and consequently or any 6 € R. This ends the proof of theorem 2.4. [

With this theorem on hand we can get the following result concerning z€¢ solution of equation (2.5).

THEOREM 2.5 Under properties (2.6), (2.7), (2.8), for any T, not depending on €, equation (2.5),
with coefficients given by (2.1) coupled with (2.3) and (2.2) coupled with (2.4) has a unique solution
z¢ € L>=([0,T); L3(T?)). This solution satisfies:

12N o= 0,17, 22(T2)) <7 (2.80)

where ¥ is a constant which do not depend on e.
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Proof (of Theorem1.1). Theorem 1.1 is a direct consequence of theorem 2.5. ]

Proof . (of Theorem 2.5). To prove uniqueness, we consider z§ and z§ two solutions of (2.5). Their
difference is then solution to

~ 5V AV - 25) =0, (2.81)

and multiplying the first equation of (2.81) by (2§ — z§) and integrating with respect to x gives
d 26 _ ¢ 2
w <0, (2.82)

yielding
lzf — 25]]2 =0, for any ¢, (2.83)

and giving uniqueness.
Existence of z€ is a straightforward of adaptations of results of Ladyzenskaja, Sollonnikov and

Ural’ Ceva [8] or Lions [9] on a time interval of length e.
Then, let us consider the function Z¢ = Z¢(t, ) = S(t, £, 2) where S is solution to (2.69). We obtain

ozc 0S, t 195, t
= —(t. - ——(t, - 2.84
ot 8t(’e’x)+689(’e’x) ( )
Using equation (2.68) we deduce that Z¢ is solution to
0z¢ 1 . 1 s 08
9z __y. CZE):— N 2.
-5V (Av SV-Co+ 5 (2.85)
then we deduce that o 79 ) 85
S€ _ Je ~
2 2 v AV Z9) = 22
ot 2V (AvE-29) =5 (2.86)
(2 = Z)j4=0 = 20 — S(0,0, 2).
Multiplying (2.86) by 2¢ — Z¢ and integrating over T?, we have
dl|z¢—Z)3 1 / ~ 5 oS
| O [ AV = Z22de = | L2z — zYd 2.87
7 + = T?A V(2 |“dx .t (z Ydx (2.87)
which gives
dllz¢ — Z¢ 2 3
W2 o (LD 4 (32 1 ) - 2 (2.8%)
dt ~
Gthr
Then we have
e e 2 T+’ 2 4 244
124 2) = 256,13 < D120 — S(0,0, )12 | + (7 + )T, (2.89)

VG

As ||S||L;O(R7L2(T2)) < —g— when e — 0, then (2.80) is true. |

thr
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3 Homogenization for long term dynamics of dunes, proof of
theorem 1.2

We consider equation (2.5) where A€ and C¢ are defined by formulas (2.1) coupled with (2.3) and
(2.2) coupled with (2.4). Our aim consists in deducing the equations satisfied by the limit of z¢
solution to (2.5) as € — 0.

It is obvious that

AS(t, ) two-scale converges to A(t, 0, z) € L=(]0,T], LY (R, L*(T?)))

and C¢(t, x) two-scale converges to C(t,0,x), (3.1)
with "y
At.0.9) = aga(u(t.0,2)]) and E(t0,2) = cqu(U(t,0,0) 75 (3.2
Assumptions (1.23) and (1.24) have the following equivalence here:
©=[0,T)x{feR: A(-0,-) =0} x T?, (3.3)
and _ B
Otnr = {(t,0,2) € [0,T) x R x T? such that A(t,0,z) < G, }. (3.4)
Moreover, we notice that because of (1) and (1)
A(t,0,x) =0 if and only if (¢,6,2) € ©. (3.5)

We have the following theorem.

THEOREM 3.1 Under assumptions (2.6), (2.7), (2.8), (3.1), (3.2) and (3.5), for any T, not de-
pending on €, the sequence (z€) of solutions to (2.5), with coefficients given by (2.1) coupled with
(2.3) and (2.2) coupled with (2.4), two-scale converges to the profile U € L>([0,T], LY (R, L*(T?)))

solution to

V- (AVU)=V-C on ([O,T) x R x 11‘2)\@, (3.6)

8_U =0 on O, (3.7)

o0
1
//Ud@dm = / zodz, (3.8)
0 Jr2 T2

where A and C are given by (3.2); © and Oy, are given by (3.3) and (3.4).

Proof . (of Theorem 1.2). Theorem 1.2 is a direct consequence of theorem 3.1 |
Proof . (of Theorem 3.1). Multiplying (2.5) by ¥<(¢,z) = (¢, é,x) regular with compact support
in [0,7) x T? and 1-periodic in #, we obtain

T awe
— | zo(x)¥(0,0,z)dx — z¢dt de+
T T2 JO (915

1 T 1 T
G—Q/T/O A V2V dtd:ce—Q/W/O (v.ce)q/) da. (3.9)
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Using the Green formula and

o (o0\ 1 (00
ot _<8t> +e<89) ! (3.10)

where

€

we obtain

LGy (G avan & [ [ o9 (ave)ata

+6l2/T/O (v-ce wfdtdx:—/w 20(2)1(0,0, z)dz (3.12)

Multiplying by €2 and using the two-scale convergence due to Nguetseng [12], Allaire [1], Frénod,
Raviart and Sonnendrucker [4], as z¢ is bounded in L>(0, T, L?(T?)), there exists a profile U(t, 0, x),
periodic of period 1 with respect to 6, such that for all (¢, 6, ), regular with compact support with
respect to (t,2) and periodic of period 1 with respect to 6, we have

_/TZ /OT/OlUV.(flvw)detdx:/m /OT/Ol (V- C) dbdt d, (313)

-~V (AVU) ~v.C, (3.14)

then

with A and C ' given by (3.2).

Since A and C vanish on O, we deduce (3.6) from (3.14).

Moreover, because of (2.7), in points where .Z(t, 0,z) < éthr, V-C = 0 and A does not depend on
t and x. Hence U depends only on 6. In other words,

U(t,0,z) =U(#) on O, (3.15)

Taking now test functions ¢ not depending on z in (3), the two last terms of the left hand side of
(3.12) vanish. Then passing to the limit, we obtain the weak formulation of

(fTZ t9:cd:c)

5 =0 (3.16)

which yields because of (3.15)
ou

0
Finally, taking test function 1) depending only on ¢ we obtain

/ /T (t,0,2)d0 dx = /T 2o(2)dz, (3.18)

ending the proof of the theorem. ]

=0 on Oy, (3.17)
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4 Homogenization and corrector result for mean-term dy-
namics of dunes, proof of theorem 1.3 and 1.4

Making the same as in the begining of section 2, setting:

t

- t
.Ae(t,.’L') :Ae(t,—e,g,.’ﬂ), (41)
and -
€ —C (4 — = 4.2
Ce(t,x) Ce(t,\/g,e,x), (4.2)
where B
Ac(t,7,0,2) = a(l — by/eM(t,7,0,2)) go (UL, 7,0, 2)]), (4.3)
and Ut .0, 2)
~ ’T’ 7'r
Ce(ta T, 97 .Z‘) = C(l - b\/EM(ta T, 9; ZC)) gc(|u(ta T, 9; $)|) ma (44)
equation (1.5) with initial condition (1.12) can be set in the form
0z¢ 1 1
© V(A2 =~V - C
ot e € (4.5)
th:o = 2p.

Under assumptions (1.2) and (1.8), A, and C. given by (4.3) and (4.4) satisfy the following hypothe-
ses:

7 +— (A, C.) is periodic of period 1,

0 — (.ZE,C:) is periodic of period 1,

T — (.,Ze,d) defined on T2,

- 5 e 46
Al <7, Bl <7 (22| <, [ Se| | T < Y
8525 <7, %C; <7, VA <7, [V-C <, |ava.tc5 <7,
AGinr, 0o < 0. € [0,1] such that V 0 € [fa, 0.] => Ac(t, 7,0,3) > Gy,

B B 8526 (t,7,0,2) = %(m, 0,z) =0, VAt,7,0,2) =0, (4.7)

A(t,7,0,2) < Gepp = o aéT )

a—;(t,T,H,x) = a—;(t,T,H,x) =0, V-Cc(t,7,0,x) =0,
ICel < YA, ICe? < I, [VAL <A Ad, }8526 <A,
XA <14, v -] <A, }% <Al | 2] <221l (48)
%2 < e, | 222 < enldil

For (4.5), if hypotheses (4.6), (4.7) and (4.8) are satisfied, an existence and uniqueness result is given
in [3].
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4.1 Homogenization

Let us consider equation (4.5) with A, and C. given by (4.1) and (4.2);
0 — .Z, C is periodic of period 1,

T .Z, C is periodic of period 1, (4.9)

AS(t, ) 3-scale converges to A(t, 7,0, z) € L=([0,T] x R, LE (R, L*(T?)))
and C(t,x) 3-scale converges to 5(15, 7,0, 1), (4.10)

with
Z/[(t, T’ 9’ 1")

VZ(t,T,G,x) =ag.(|U(t,T,0,2)|) and 5(1&,7,9,:1:) =cg.(|U(t,T,0,2)|) m

(4.11)

THEOREM 4.1 Under assumptions (4.6), (4.7), (4.8),(4.1), (4.10) and (4.11), for any T, not de-
pending on €, the sequence (z€) of solutions to (4.5), with coefficients given by (4.1) coupled with
(4-3) and (4.2) coupled with (4.4), 3-scale converges to the profile U € L>°([0,T] xR, LE (R, L?(T?)))

solution to

ou ~ 5
— - V- (AVU) =V _-C, (4.12)
00

where A and C are given by (4.11).

Proof . (of Theorem 1.3). Theorem 1.3 is a direct consequence of theorem4 1 |

Proof . (of Theorem4.1). Considering test functions <(t,x) = (¢, x) for all ¢¥(t,7,0,x)

regular with compact support on [0, T) x T? and periodic of period 1 with respect to 7 and 6.

6565

oyYe O\ e 0P e 1,00
ot :(_) +%(E) + - (69) (4'13)
where
(G =S et (G0 =Gt (5 =G Tt
(4.14)

Multiplying (4.5) by ¥<(t r) and integrating on [0,7) x T?, we get

t ¢
) \/E’ €’
T e 1 T
—/ zo(x)w(0,0,0,x)dx—/ 8(;/; zﬁdtd:c——/ / Z2°V - (Aevwe)dtdx
T2 T2 Jo €Jr2Jo
1 T
= —/ / V - Coapdt do.
€Jr2 Jo
Replacing 68_1126 by the relation (4.13), we have
T
N\ e e 1 8¢ / /
‘N== dtd Vy©)dtd
/T/O =[G f(ar) <(gg) Jatda+ 2 - (A )dds

1
+—/ / V- CYdtdx = —/ 20(x)1(0,0,0, z)dz.
€ Jr2 Jo T2
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Multiplying by € we have

/T/ aw +\f(aw) (glg)e-i-V-(AeVW)}dtdx—y

/T/o V- Cyrdtde = *G/TZ 20(2)1(0,0,0, z)dz.

The functions (%)E, (g—’f)e and (g—’g)e are periodic with respect to the two variables 7, 6. Here we

use the 3-scales convergence see [10].
Taking the limit as e — 0, using the 3-scales convergence, we have

T
/ / / U—+Uv (flvw))drdedtdx:/ / / G- Vi dr do dt du.
T2 [0,1]2 2 Jo J[0,1]2

Then, the limit U of z¢ solution to (2.5) satisfies the following equation

%—Z V. (ftVU) ~v.-C. (4.15)

]
There is indeed existence and uniqueness of the equation (4.15) according to the application of the
theorem 3.15 of [3]; thus (4.15) is the homogenized equation. In (4.15), 7 and ¢ are only parameters.

4.2 A corrector result

Considering equation (4.5) with coefficients (4.1) and (4.2) and hypothesis (4.10) leads to

AS(t,2) = A°(t, ) + VeAS (L, x) + eAY(t, x), (4.16)
C(t,x) = C(t, @) + /eCi(t, x) + eC5(t, x) (4.17)
where - M-

A (t,.’I]) = A(t, %, E,(E), C (t,(E) = C(t, %, E,CE) (418)
Ai(t,2) = At~ ba), Ciltia) = Colt,—=, ) (4.19)

1\,x) = 1 ,\/E,G,z, 1\ 1 \/E 6,1' .
As(t,2) = Jolt, =, o), Calta) = Calt, —=, ) (4.20)

€T ,\/E,G o\l, T 2 \/E G,x .
Because of hypotheses (4.6), (4.7) and (4.8), A, A;, Ay, A, A5, A5, C, Cy, Cy, C%, C and CS

are regular and bounded coefﬁments

THEOREM 4.2 Under assumptions (4.6), (4.7), (4.8),(4.1), (4.10) and (4.11), considering function
z¢ € L>®([0,T), L*(T?)), solution to (2.5) and function U € L>([0,T], LF (R, L*(T?))) defined by
Uc(t,x) = U(t, L, L, 2), where U is the solution to (4.12), the following estimate is satisfied:

€’ e’
z¢=U*
\/E

<a, (4.21)
Lo ([0,T),L2(T2))
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where a is a constant not depending on €.

Furthermore
z :/_U 3-scale converges to a profile Uy € L*([0,T] x R, LZ (R, L*(T?))), (4.22)
€ 2
which is the unique solution to
oU1 ~ ~ ~ oU
2 _— . = . 1 . —_— —
=V (AVU%) V.GtV (A1VU) . (4.23)

Proof . (of Theorem1.4). Theorem 1.4 is a direct consequence of theorem4.2. ]
Proof . (of Theorem4.2). Using the relations (4.18), (4.19) and (4.20), equation (4.5) becomes
1
€

0z°¢
ot

~ -V (Avz) :%(v-5€+\ﬁv-51+ev-c}+\/€v- (A5v=) +ev- (V=) (429)

As U is solution to (4.12) and taking into account that

() ) (). o
we obtain the following equation
ag; —%v- (Avue) = %(v-éwﬁ(g—g)ejte(%—[tj)e). (4.26)

Considering equation (4.24) and (4.26), z¢ — U*€ is solution to

OESE) 1 elgen s .
ey ) = (oo (oo ()
) - (). w2

Using the fact that U solution to (4.12) belongs to L>([0,T] x R, LY (R, L*(T?))), U¢ is solution
to (4.26) and a results of Ladyzenskaja, Solonnikov and Ural’Ceva [8], all the terms %—[T], %—[tj are
bounded. The terms .Zi, ~§, 5{ and 55 are also bounded by hypotheses and then so are V-C~f, V-5§
and V - (.ZlVUe), V- (VZQVUe). Using the same arguments as in the proof of Theorem 1.1 in [3]

we obtain that Zs\kUe converges to a profile Uy € L>([0,T] x R, L¥ (R, L?(T?))) solution to

ou
or’

sy (Avu,) =v-C'+ v (4vU) - (4.28)
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