hal-00449719, version 1 - 30 May 2011

Author manuscript, published in "Advances in Water Resources 30, 5 (2007) 1127-1143"
DOI : 10.1016/j.advwatres.2006.10.004

Two-Domain Description of Solute Transport
in Heterogeneous Porous Media: Comparison
Between Theoretical Predictions and
Numerical Experiments

F. Cherblanc

LMGC - Cc 048, Université Montpellier 2, Place Eugéne Bataillon
34095 Montpellier cedex - France

A. Ahmadi

TREFLE, Esplanade des Arts et Métiers
33405 Talence cedex - France

M. Quintard

Institut de Mécanique des Fluides, Allée du Prof. C. Soula
81400 Toulouse - France

Abstract

This paper deals with two-equation models describing solute transport in highly
heterogeneous porous systems and more particularly dual permeability structures
composed of high- and low-permeability regions. A macroscopic two-equation model
has been previously proposed in the literature based on the volume averaging tech-
nique [1, 2]. Through this theoretical upscaling method, both convection and dis-
persion mechanisms are taken into account in both regions, allowing one to deal with
a large range of heterogeneous systems.

In this paper, the numerical tools associated with this model are developed in
order to test the theory by comparing macroscopic concentration fields to those
obtained by Darcy-scale numerical experiments. The heterogeneous structures con-
sidered are made up of low-permeability nodules embedded in a continuous high-
permeability region. Several permeability ratios are used, leading to very different
macroscopic behaviours. Taking advantage of the Darcy-scale simulations, the role
of convection and dispersion in the mass exchange between the two regions is inves-
tigated.

Large-scale averaged concentration fields and elution curves are extracted from
the Darcy-scale numerical experiments and compared to the theoretical predictions
given by the two-equation model. Very good agreement is found between experimen-
tal and theoretical results. A permeability ratio around 100 presents a behaviour

Preprint submitted to Elsevier Science 30 May 2011


http://dx.doi.org/10.1016/j.advwatres.2006.10.004
http://hal.archives-ouvertes.fr/hal-00449719/fr/
http://hal.archives-ouvertes.fr

hal-00449719, version 1 - 30 May 2011

characteristic of "mobile-mobile” systems emphasizing the relevance of this two-
equation description. Eventually, the theory is used to set-up a criterion for the
existence of local equilibrium conditions. The potential importance of local-scale
dispersion in reducing large-scale dispersion is highlighted. The results also con-
firm that a non-equilibrium description may be necessary in such systems, even if
local-equilibrium behaviour could be observed.

1 Introduction

The large spatial variability of hydraulic conductivity plays a major role in
groundwater solute transport. These heterogeneities over a wide range of
length scales usually lead to anomalous dispersion at the field-scale. Since
only a limited amount of data is generally available, these heterogeneities in
physical characteristics are often described through a geostatistical approach.
With such a description, flow and transport reflect the uncertainty associ-
ated with the geological model. Within this general stochastic framework, two
different approaches are used.

The first approach entails a stochastic formulation of the flow equations, i.e.,
physical properties are represented as random variables. The resulting flow
quantities are then also random variables, described in terms of expected val-
ues and higher statistical moments [3-7]. The second approach is a Monte
Carlo methodology that requires the generation of multiple realizations of the
heterogeneous formation. The transport problem is then considered from a
”deterministic” point of view. In this second approach, the probability distri-
bution of different quantities is determined through simulations over multiple
realizations.

Indeed, using the second method, highly detailed geostatistical realizations
are typically generated in order to capture all the scales of heterogeneity. Due
to this high level of description, large-scale transport problems are computa-
tionally expensive (see an example in Wood et al. [8]). For this reason, some
type of coarsening, or upscaling of the geologic model must be performed
before it can be used for field-scale numerical simulations. This upscaling is
complicated by the fact that very fine-scale heterogeneities can have a major
impact on simulation results, and these must be accurately accounted for in
the macroscopic model.

Upscaling procedures are commonly used to coarsen these highly detailed geo-
statistical realizations to scales more suitable for the flow simulation. Exam-
ples of procedures available for the case of single-phase flow can be found in
the literature [9-13]. In most cases, it is assumed that the macroscopic model
represents the fine-scale heterogeneities contained in a grid block, while the
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large-scale heterogeneities are taken into account by the spatial discretization
of the entire simulation. In the framework of solute transport, a non-ideal
behavior, i.e., a non-Fickian response, may be observed at the field-scale [14—
16], featuring an early breakthrough and a long tailing that cannot be repre-
sented by a classical advection-dispersion equation, i.e., a simple one-equation
model. Interpretations of field-scale transport experiments usually reflect a
scale-dependent dispersivity [17-21]. These phenomena are partly attributed
to solute transfer between different regions with highly contrasted properties
[22, 23]. Some classes of such highly heterogeneous structures may often be rep-
resented by a simplified system constituted of two homogeneous porous media.
In this bicontinuum model, the heterogeneous porous medium is represented
by a high- and a low-permeable region. Two macroscopic concentrations are
defined associated with each region. If solute transport characteristic times are
relatively different in the two regions, a significant difference between these
two large-scale concentrations is observed. This phenomenon is called large-
scale mass non-equilibrium, and must be taken into account in large-scale
transport models [24]. Two-medium descriptions, or two-equation models, are
commonly used to represent these processes. Even with complex systems like
natural formations, this approach proved to be useful in many practical sit-
uations [25-29]. Usually, convection and dispersion are neglected in the less
permeable zone, which is called ”immobile” zone. Only the exchange of mass
with the more permeable zone, "mobile” zone, is considered. To represent this
mass transfer, some mixed models can be generated by coupling an averaged
description of the flow in the "mobile” zone with a local-scale detailed de-
scription of the Fickian diffusive transport in the ”immobile” zone considered,
most often and for simplicity reasons, as rectangular, cylindrical or spheri-
cal aggregates [30-33]. An alternative is to approximate this mass exchange
by a first-order kinetic [22, 34-41]. Indeed, it is well-known that this mass
exchange is a transient phenomenon and that it may exhibit memory effects.
Therefore, limitations of the first-order kinetic models may be unacceptable in
some circumstances. To catch most of the characteristic times involved during
the exchange of mass in complex heterogeneous structures, multiple-rate mass
transfer models [42-44], or fractal developments [45] were proposed.

If the permeability contrast between the different zones is less important, ad-
vection may become significant in the less permeable zone, and several works
have shown the relevance of taking this effect into account [46-48]. Following
this idea, the two-equation models were revisited to take into account convec-
tion and dispersion mechanisms in both regions [1, 40, 49-56]. These models
are often called "mobile-mobile” models.

One of the crucial problems encountered when using two-equation models is
the determination of the large-scale ”effective” properties embedded in the
model. For idealized cases, some a priori estimates of the mass exchange co-
efficient have been proposed [35, 53, 57]. Numerical simulation of local-scale
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transport can be used to evaluate macroscopic properties [46, 48, 58]. How-
ever, in general, these properties are interpreted from experimental data. With
this approach, macroscopic properties of a heterogeneous sample are obtained
using a curve-fitting procedure [59-63]. Recently, Ahmadi et al. [1] derived
a two-equation model using the large-scale volume averaging method. This
method provides three closure problems that give an explicit link between
the different scales, and makes it possible to determine directly the macro-
scopic properties associated with any heterogeneous double-permeability sys-
tem. Cherblanc et al. [2] proposed an original numerical procedure to solve
these three closure problems. The developed tools were used to discuss the
influence of the local-scale characteristics on the large-scale properties, in the
case of a nodular system. The theory was tested favorably in Ahmadi et al.
[1] in the case of stratified systems. The purpose of this paper is to empha-
size the ability of the proposed two-equation model to represent the non-ideal
behavior of more general heterogeneous systems.

The scope of the paper is limited to the comparison between theoretical predic-
tions and numerical experiments. For readability of the paper, the basic ideas
of the volume averaging technique used to derive the two-equation model are
summarized in the next section. The aim of section 3 is to make a compari-
son between the theoretical predictions obtained from the present large-scale
model and some reference solutions. These reference solutions are built using
transport simulations performed at the local-scale or Darcy-scale, i.e., using
a fine discretization of the heterogeneities. The numerical procedure used for
the large-scale transport simulation is described. Finally, some comparisons
are presented and the quality of the two-equation description is discussed.
In the last section, the possible existence of non-equilibrium conditions for
nodular systems is investigated numerically as a function of the system per-
meability and dispersivity ratios. Using the large-scale representation given by
the two-equation model, the concentration difference between the two regions
can be computed from very small to very large times, allowing us to analyze
in detail the behavior of the system.

2 Theoretical Background

The flow of a tracer is considered in a double-permeability system, as illus-
trated in figure 1. At the local-scale or Darcy-scale, the problem is entirely
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Fig. 1. The three scales of the problem : the pore-scale composed of a solid phase (o)
and a fluid phase (8); the local-scale consists of two embedded homogeneous regions
(n and w); the large-scale that still presents some macroscopic heterogeneities.

defined by the following equations [64-66].

Y <C>§ B _ * B : :
gy +(v), Vi, =V (D17 -V <C>n) in the n-region (1)
BC1  (of=()  at A (2)
B.C2 mn,,- (D;‘] -V (c)ﬁ) =1, - (D: -V <C>g) at Ay (3)

B
5wa<act>‘*’ +(v), -V =v. (D* -V (c)g) in the w-region  (4)
where (c)g represents the intrinsic averaged concentration in the 7-region,
while (v) , represents the filtration velocity. The choice of the tracer case im-
plies that velocity fields are obtained independently from the tracer transport
problem. The one-phase flow problem received a lot of attention in the lit-
erature, and, in particular, the introduction of large-scale regional velocities,
which is relevant to our study, are discussed by Quintard and Whitaker [67].
One of the difficulties of the subsequent upscaling is that the dispersion ten-
sors, D} and D, are position and velocity-dependent.

The complete procedure for upscaling the transport equations that led to the
two-equation model are discussed elsewhere [1, 24]. Consequently, only the
basic ideas are summarized in this paper. The volume averaging operator is

defined as .

{What =¢a )} =3 [ {W)edV ()
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where ¢, represents the volume fraction of the a-region given by

(6)

_Va
Qoa—voo

Volume averaged equations are generated by expressing any local-scale quan-
tity associated with the a-region, (1), as the sum of the associated volume
averaged large-scale quantity, {(¢)_}“, and a fluctuating component, U, [68-
70]; i.e., we have

(W) = {{)a}* +da (7)

On the basis of these definitions and using large-scale averaging theorems,
mathematical developments can be performed. The large-scale averaging tech-
nique calculates the transport equations and the effective properties at a given
scale by an averaging process over the equations corresponding to the lower
scale. Several assumptions have to be introduced: separation of scales and the
possibility of locally representing the medium by a periodic system. This last
assumption means that, at a given point, the system is entirely characterized
by a single unit cell as complex as necessary, to keep all the problem features.
Within the framework of the volume averaging theory, the periodic assump-
tion has given reasonable results, even for disordered media [8, 71]. Moreover
Pickup et al. [72] compared several numerical approaches for the calculation
of effective permeability, their overall conclusion was that the most accurate
and robust boundary conditions to perform upscaling was periodicity.

The large-scale mass non-equilibrium condition corresponds to processes in
which large-scale concentrations are significantly different for the two regions,
thus calling for a two-medium representation. Under some length-scale and
time-scale constraints, a first-order development in term of the large-scale
concentration difference leads to the following set of two large-scale equations
[1, 24]. In the n-region, we have
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while the large-scale equation for the w-region is
ol w
5w90w{<aiw} + Yo {<V>w}w -V {<C>g}
-9 [ ()~ {2} ¥ {2 9 {03
o {02+ 9 o R} - (02) - {03

All large-scale effective properties appearing in the two-equation model (Dj;;;,

d,,, o, ...) are given explicitly as functions of the local-scale properties and
some closure variables.

DZ; = ¥n {D; -(I+Vby,) — {’nbnn}n
D’ = ¢, {D} - Vby, — ;b }"

(10)

(11)

Dy, = ¢, {D}, - (I+ Vby,) — Vubu,}* (12)
D}, = ¢, {D}, - Vb, — V,b,}” (13)
(14)

1 : :
Wy = Uy =€y = = [ 0+ ({(¥), by — D} Vb, = D) dA

1
Uy = —Upew = Cuw = _Vi /A Ny - (<V>w b, — D:; - Vb, — D:z) dA

(15)
- . 1
d, = ¢, {V,ﬂ’n - D; - Vrn} (16)
d, = —¢, {Vor, — D} - Vr }¥ (17)
* 1 *
af = i n,, - (<V>n7”77 -D;- Vr,,) dA
1 *
= —l—E /AW n,, - ((v), ro—D - Vr,)dA (18)

The closure variables, b,,, by, by, buy, 7, 7w, are the solutions of three
closure problems defined over the unit cell [1].

Problem I
V- ((v), bp) +%, =V (D} Vb,,) +V-D; -, 'c,, (19a)
B.C.1 b, = by, at Ay, (19Db)
B.C2 n,, D} - Vb, +n,, -D;=n,, D Vb, at A, (19¢c)
V- ((v), - buy) = V- (D, - Vb)) + ¢, ¢ (19d)
Periodicity by, (r + ;) = by, (r) by, (r +1;) = by, (r) i =1,2,3
(19e)
Average {b,,}"=0 {by,}* =0 (19f)
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Problem II

V- ((v), bu) =V (D} Vby,) + ¢, s (20a)
B.C1 by, =b,, atA, (
B.C.2 n,, - D; - Vb,, =n,, D} - Vb, +n,, D at Ay, (20c)
V- ((v),  buy) + ¥, =V - (D} -Vb,,) + V- D — ¢ cun (20d)
1

Periodicity =~ by, (r+1;) = by (1) by, (r +1;) = b (1) i=1,2,3
(20e)
Average {b,,}"=0 {bu,}*=0 (20f)
Problem III
V- ({(v)yry) =V- (D:; . Vrn) — ¢, tat (21a)
Ty =7y +1 (21Db)
n,, D} -Vr,=n,, -D;-Vr, (21c)
V- ({(V)orw) =V - (D} - Vr,) + ¢, a* (21d)
Periodicity — r, (r +1{;) =, (r) Ty (r+1;) =71, (r) i=1,2,3
(21e)
Average {rn}7=0 {ro}"=0 (21f)

These problems must be solved on a unit cell representative of the hetero-
geneous structure. An original numerical procedure has been proposed by
Cherblanc et al. [2] able to deal with any double-region geometry. The main
strength of the large-scale averaging method is to give an explicit relationship
between the local structure and the large-scale properties. This allows one to
study precisely how macroscopic properties depend on the local-scale charac-
teristics. Following this idea, sensitivity analysis and discussions can be found
in Cherblanc et al. [2].

In order to use the two-equation model with confidence, we need to be able to
predict breakthrough curves or concentration fields for any double-permeability
system, as complex as required. Since the exchange of mass is a transient phe-
nomena, first-order theories have limitations [2, 41, 42]. Indeed, the determi-
nation of an ”optimal” mass exchange coefficient will depend on the geometry
considered and the boundary conditions imposed as well as the criterion used
to define this optimum. Nevertheless, the accuracy of such a model may be
sufficient for many practical situation when considering the large number of
uncertainties. In this framework, it is interesting to evaluate the impact of
these limitations on the ability of the two-equation model to approximate the
averaged behavior of two-region systems. Our objective at this point is to
compare solutions of the two-equation model with "numerical experiments”,
so as to test the theory in the absence of adjustable parameters. The case of
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Fig. 2. Periodic nodular system.

stratified systems has been treated in the original paper [1]. For that particular
geometry, the large-scale effective properties can be developed analytically. A
reasonable agreement was found between large-scale predictions and numeri-
cal experiments. In addition, it was found that the asymptotic behavior of the
stratified system, which has been described exactly by Marle et al. [73], was
also recovered by the proposed theory. The main objective of this paper is to
test the theory in the case of more general complex systems.

3 Comparison with numerical experiments

The case of nodules embedded in a continuous matrix (Fig. 2) is presented in
this section. Such media are typically double-permeability systems, and can
be found in natural formations. Experimental analysis on geological cores have
shown sand-shale sequences, where the less permeable zones is materialized by
cylindrical inclusions. Permeability ratios between 10? and 10° are commonly
observed [74-76]. Several works have pointed out the relevance of this kind
of geometry in geologic structures [46-48, 55|, which can lead to strongly
asymmetric breakthrough curves.

Numerical experiments are carried out to represent as well as possible a one-
dimensional tracer experiment on a laboratory column. The heterogeneous
sample is composed of twenty nodular unit cells (Fig. 3) aligned along the
x-axis. This row pattern is repeated infinitely in the y-direction (Fig. 2). The
experiment consists in imposing a constant macroscopic pressure gradient be-
tween z = 0 and z = L, in order to have a steady-state single-phase flow from
the left to the right. Then a solute constituent is introduced at the surface
x = 0. The validation of the proposed theory proceeds in two steps. First,
reference solutions are built based on local-scale numerical simulations. Then,
after calculation of the ”effective properties” on the representative unit cell,
the large-scale theoretical predictions are computed, and compared to the nu-
merical experiments.
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Fig. 3. Two-dimensional nodular unit cell.

3.1  Regional velocities

Using the tracer assumption, which supposes that the single-phase flow is not
affected by the presence of a solute constituent, the total mass and momentum
balance equations can be solved separately from the tracer dispersion equation.
Incidentally, the flow field is considered as a known field in the local-scale
description of solute transport (Egs. 1 through 4). The first step is to compute
the velocity field in the unit cell representative of the periodic nodular system
(Fig. 3). This can be done easily using a classical finite volume formulation of
the Darcy equation [10, 77, 78], and this is not further presented here.

An averaging process over the unit cell gives the large-scale regional velocities
defined as

1

n 1 w
{),} =7 (v),dV  and  {(v),} -7 vy, dv (22

Some details about regional velocities can be found in Quintard and Whitaker
[79]. Due to the geometrical symmetry of the system and the fact that the main
flow is along the z-axis, the y-components of these macroscopic velocities are
zero. To simplify the nomenclature, we will use the following notations

o= ({0, 1), = {0} and e = {9, = IO
(23)
The ratio of these velocities is plotted on figure 4 as a function of the perme-
ability ratio for a nodular unit cell. The stratified case is also given for compar-
ison. We observe that for any permeability ratio larger than 10 (k,/k, > 10)
and whatever the nodule size, the velocity ratio can be directly estimated from

the permeability ratio by
v k
1 ~ 052 (24)
Uy k.,

These large-scale velocities, associated with the convective transport in each

region, can give valuable indications for the choice of the model, i.e., "mobile-

10
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Fig. 4. Velocity ratio as a function of the permeability ratio for stratified and nodular
structures.

mobile” vs "mobile-immobile” description. We can fairly consider the low per-
meability region as "immobile” when the velocity ratio is greater than 100.
Consequently, in a nodular structure, "mobile-immobile” descriptions are ad-
equate when the permeability ratio is larger than 200. Non-ideal behaviors
are also observed when the contrast of permeability takes a lower value. In
these situations, classical "mobile-immobile” approaches have often proven to
be quite inadequate since convective transport in the low permeability re-
gion cannot be neglected. To explore these different situations, three cases are
investigated, with permeability ratios k,/k, varying from 10 to 1000.

3.2  Local-scale simulations

The objective of this part is to build some reference solutions based on a fine
description of the transport processes through heterogeneities. First, a steady-
state single-phase flow from the left to the right is established in the nodular
structure (Fig. 2). Then, the surface = 0 is subjected to a sudden change
in the local-scale concentration. We choose the following initial and boundary

11



hal-00449719, version 1 - 30 May 2011

conditions

t=0,Vz: ()’ =0 (25)
r=0,Vt: ()’ =1 (26)
r=1L,6Vt: convective flux ; n- (Df7 -V <c)ﬂ) =0 (27)

The Darcy-scale hydrodynamic dispersion tensor is defined according to Bear
[64] by the following expression

VU5
vl

where o, and ap are the longitudinal and transverse local-scale dispersivities,
v; is a component of the local-scale velocity v and D¢/ is the local-scale
effective diffusivity. While this is not a limitation of the theory, the medium
is considered isotropic for simplicity.

D:j = (OéT HVH + Deff) 51']' + (OéL - aT) (28>

The local properties considered are summarized in Table 1. As discussed in sec-
tion 3.1, three cases are investigated, with permeability ratios (k,/k.) varying
from 10 to 1000. The dispersive and diffusive characteristics (ar, ap and D7)
are chosen identical in both regions. This choice seems to be very restrictive.
There is no physical reason to encounter this situation, but, at the large-scale,
numerical analysis has shown that the results are not very sensitive to the con-
trast of dispersive characteristics. Indeed, through equation 28, the contrast of
dispersive processes between the two regions will be mainly the consequence
of the velocity difference, resulting from the permeability contrast. It must be
emphasized at this point that this choice of the same dispersivities for both
regions is not a limitation of either the theory or the implemented numerical
tools.

Unit Cell [ [m] d [m] ©On L [m)]
0.1 0.06 0.717 2
Physical Properties En Ew
0.4 0.25

DT ims?? | ap [m] | ar [m]

107 0.002 0.0002

Table 1: Local-scale properties of the nodular structure.

The macroscopic pressure gradient is chosen to have the norm of the superficial
average velocity equal to

v=[{")}H = eqvq + puve =107 m s 57" (29)

12
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Therefore, the cell Peclet number, as defined in Cherblanc et al. [2], is

vl

Pe =57

= 1000 (30)

Local-scale transport is computed by using the numerical code MT3D [80].
The method of characteristics, free of numerical dispersion, is used for solving
the convective transport. An explicit finite-difference scheme is used for the
dispersion term. Local-scale simulations are performed using 2000 x 50 grid
blocks, corresponding to one half-row of nodules (Fig. 2). To give a better
illustration of the local transport phenomena, the concentration fields are pre-
sented on a forty-nodule system by duplicating the simulated row (2000 x 200
mesh).

For a permeability ratio equal to 100, examples of the local-scale concentra-
tion fields obtained from numerical experiments are presented in figure 5 at
different times. The tracer displacement can be followed from the left to the
right. In the matrix (the more permeable zone), convective transport is pre-
dominant and responsible for early breakthrough, while slow diffusion occurs
in the nodules. The fluctuations of the velocity field inside the more perme-
able region lead to large-scale dispersion effects and tend to increase the tracer
spreading. It must be noticed however that ”"immobile” zones should not be
simply defined by the value of the permeability ratio. Indeed, the regions lo-
cated between two nodules, where low velocities are observed, behave here as
retardation zones. Should the stagnant region in the high-permeability zone
be included in the ”immobile” zone 7 So far, we did not explore this idea. The
data seems to indicate in our case that the dominant process that leads to
non-equilibrium is the mass exchange between the nodules and the continu-
ous region.

To focus on the mass transfer between the nodules and the matrix, some
detailed views of the isoconcentrations in the 10* nodules at t = 4.10* : s
are plotted in figure 6. Three cases are proposed corresponding to different
permeability ratios. For low permeability ratio (k,/k, = 10), the isoconcen-
trations clearly reflect the predominance of convective transport crossing over
the nodules. We observe some small transversal dispersive effects. On the op-
posite, with a high permeability ratio (k,/k, = 1000), diffusive process is the
only significant transport mechanism that takes place within the nodules. In
this configuration, mass exchange is fairly approximated by a mixed model
based on purely diffusive transport in the inclusions [30-33, 81]. Intermediate
permeability ratio (k,/k, = 100) represent a tricky situation since mass ex-
change involves both transport mechanisms (convection and dispersion), and
neither of them can be neglected. Zinn et al. [56] developed a useful empirical
categorization of possible transport regimes for such nodular systems, based
on cell Peclet and Damkohler numbers. It confirms that diffusive mass ex-

13
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Fig. 5. Concentration fields in the nodular system at different times.
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Fig. 6. Isoconcentrations in the the 10" nodules at ¢ = 4.10*s for different perme-
ability ratios.

change is observed for high permeability ratios, while advective mass transfer
is predominant for lower permeability ratios. One interesting feature of the
development based on the volume averaging technique discussed in this paper
is that the closure problem giving the mass exchange coefficient, as well as
other effective parameters in the averaged equations, include convective and
dispersive transport. In the next section, the calculation of this mass exchange
coefficient o* is presented.

With these computed two-dimensional concentration fields (Fig. 5), large-scale
concentrations are built in terms of local volume averages over the unit cell
presented in figure 3. This leads to the following explicit expressions of the
large-scale quantities

{(c)i}” _ é/v @av {(c)f}w = Vl;) i @7dv (31

Here, V;, and V,, represent the volumes of the n- and w-region, respectively, con-
tained in the unit cell. Using this spatial convolution, the macroscopic trans-

14
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port problem is one-dimensional along the main flow direction (the z-direction
in our case). These reference solutions will be called "numerical experiments”
in the section 3.5

3.8 Clalculation of large-scale properties

Macroscopic concentration fields are also obtained using the two-equation
model (Egs. 8 and 9) presented in this work. The first step is to solve the
three closure problems (Egs. 19a through 21f) so as to compute the large-scale
"effective properties” associated with the nodular unit cell (Fig. 3). Numerical
tools have been developed with the ability to deal with a unit cell as complex
as necessary. This phase has been extensively described elsewhere [2], and
some results are recalled here.

Regarding the case under investigation, all the large-scale effective properties
that appear in the two-equation model (Egs. 8 and 9) are computed directly
from local-scale characteristics. The most important upscaled properties as-
sociated with the nodular unit cell described by figure 3 and Table 1 are
given in figures 7 and 8. The large-scale longitudinal dispersion coefficient in
the n-region (Fig.7) and the mass exchange coefficient (Fig. 8) are plotted as
functions of the cell Péclet number (Eq. 30). These coefficients are given for
different permeability ratios. Usual behavior is observed for both properties
with a diffusive regime at low Peclet number that does not depend on the
hydraulic characteristics. For high Peclet number, a linear asymptotic depen-
dence is found (o< Pe).

One must keep in mind that both local-scale transport mechanisms, i.e., con-
vection and dispersion, are taken into account in the theory. It must be em-
phasized that, so far, theories proposed in the literature have been much more
restrictive [22, 30, 32-35, 38-40, 53, 57, 82]. These models cannot be used with
complex geometries as they do not take into account the spatial variations of
the local-scale processes (diffusion, dispersion, ...). For instance, explicit ex-
pressions of the mass exchange coefficient for the nodular configuration are
based on a purely diffusive transport in the nodules [30-33, 43], and are given
by

Do Delf

2

This is a simple estimate fairly justified for highly contrasted systems (k,/k,, =
1000 in Fig. 6) or low Peclet numbers (Fig. 8). In all the others situations,
convective effects clearly play a dominant role. This is explicitly presented in
figure 8 through the influence of the Peclet number and the permeability ratio,
as the mass exchange coefficient o* depends more on flow characteristics than
on diffusive properties. Details about the comparison between the different

af =32 (32)
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Fig. 7. Large-scale longitudinal dispersion coefficient in the n-region as a function
of the cell Péclet number for different permeability ratios.

proposed estimates of the effective properties and those obtained from the
volume averaging technique are presented in Cherblanc et al. [2]. This explicit
link between scales is one of the major interest of the proposed methodology
which allows quantitative understanding of complex, coupled effects, especially
in the case of "mobile-mobile” systems.

3.4 Numerical simulation of the two-equation model

Once the computation of macroscopic properties is completed, numerical so-
lutions of the large-scale one-dimensional problem are found by using the
following procedure. First, the transport operator is split into two equations
as shown here for the n-region equation.

A A P e (S R U e (T,
2 2 (33)
gy (9= D (00" D (02— ('~ (2])
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Fig. 8. Large-scale mass transfer coefficient as a function of the cell Péclet number
for different permeability ratios.

As noted previously, the upscaled system is 1D and homogeneous (large-scale
properties are constant all over the domain). Thus, only the z-direction com-
ponents of the two-equation model (Eqs. 8 and 9) are considered for simula-
tion. Thereby, the quantities v,,, w,,, d,, ... correspond to the first component
of {<V>n}n, u,,, d,. The two different transport mechanisms (identified as
macroscopic convection, macroscopic diffusion) are separated in order to solve
them sequentially. One advantage of this splitting procedure is to handle each
equation with an appropriate numerical scheme and a suitable time discretiza-
tion. The two convection equations like equation 33 for the n-region and its
equivalent for the w-region, are coupled. The system can be written as

;c+viczo (35)
K
co g";% (36)
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Uy — Uny — dy dy — Upe

£ £
V= w n_gp,gwn Py _n;p:w - dw <37>
EwPuw EwPuw

This system can be decoupled by using a diagonalization decomposition of the
matrix V

V=RAR™' (38)
This leads to two classical independent convection equations, each associated
with a characteristic propagation velocity (A) and a characteristic concentra-
tion (R7!C). In general, the characteristic propagation velocities are different
from the large-scale flow velocities.

k4
ot

(R'C) + Aaax (R'C) =0 (39)
The resulting convection equations are solved using an explicit second-order
TVD scheme [83, 84]. The diffusion equations like equation 34, are solved using
a f-scheme. The value of 4 is %, which is the value for the Crank-Nicholson
method, leading to an unconditionally stable scheme. A CFL condition is
required for the resolution of the convection equations. However, the time
step can be different while solving diffusion equations. This overall procedure

leads to a second-order scheme with negligible numerical dispersion.

We choose the following initial and boundary conditions, which are similar to
those imposed at the local-scale (Egs. 25 to 27)

t=0, vo:  {(@} ={@} =0 (40)
r=0,vt: {@} ={@} =1 (41)

. 8 B n 8 8 w
r=1L, Vt: convective flux ; pp {<C>n} =32 {(c)w} =0 (42)
With a low computational cost, large-scale one-dimensional concentration
fields are now available, providing theoretical predictions to be compared to
the numerical experiments presented in section 3.2.

3.5 Comparison

In the case of a permeability ratio equal to 100 (k,/k, = 100), the large-
scale concentration fields obtained for ¢t = 4 10*s and t = 6 10*s are plotted
in figures 9 and 10. The results presented in the next section show that the
large-scale mass non-equilibrium is nearly maximum for these times, which
means that it is the best situation for testing the two-equation model. One
can observe that the theoretical predictions based on equations 8 and 9 are
smooth profiles whereas the ”"experimental” values are subject to fluctuations
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having a length-scale comparable to the length of a unit cell. This behavior,
that results from the volume averaging procedure, has been observed in many
situations [85, 86], and is discussed by Quintard and Whitaker [87]. Weighting
functions can be included in the volume averaging procedure to smooth these
results. Despite these fluctuations, the macroscopic experimental behavior can
be easily interpreted.

A very good agreement between the numerical experiments and the one-

dimensional theoretical predictions is obtained. For systems with a well-connected

more permeable region, the existence of preferential flow paths leads to im-
portant non-ideal effects. The difference between the transport characteristic
times (rapid dominant convection in the matrix - slow diffusion in the nodules)
clearly calls for a large-scale non-equilibrium description. In this kind of het-
erogeneous structures, it is clear that both large-scale transport mechanisms
must be taken into account in each region. In general, the assumptions made
in ”mobile-immobile” models [30, 32, 35, 59, 88] may be too drastic.

To be clear about the need of a two-equation model, we also represent the one-
equation behavior. The large-scale concentration is calculated using a porosity-
weighted average of the concentration in each region [89]

. _ = (e} + e {0}
N EnPn T EuPuw

C

(43)

The associated curves are plotted in figures 9 and 10. The profile is charac-
teristic of a non-Fickian behavior, and cannot be the solution of a classical
advection-dispersion equation. With large-scale mass non-equilibrium effects,
a complex one-equation model should be used, such as the formulations pro-
posed in non-local theories [90, 91]. A two-domain description allows to in-
crease the degrees of freedom of the model, and can describe most of the large-
scale non-equilibrium behavior without adjustable parameters and without a
dramatic additional mathematical complexity.

Comparing the outlet concentration curves can also bring some attractive in-
formation (Fig. 11). Several definitions of this outlet concentration can be used
(surface-, porosity- or velocity-weighted averages, ...). In this work, elution
curves based on a velocity-weighted average are calculated, as it corresponds
to the concentration measured at the outlet of a laboratory tracer experiment.
From fine-grid simulations (Fig. 5), the experimental elution concentration is
computed by

a7

T fana, (v)dA

where A, is the surface perpendicular to the flow at x = L and n4, is the cor-
responding unit normal vector. For such calculations, local-scale simulations
are performed using 30 unit cells to avoid the perturbation induced by the

(44)
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Fig. 9. Comparison between experimental results and theoretical predictions
(t =4.10% s).

diffusive flux boundary condition imposed on the right side of the system (Eq.
27). At the large scale, a similar definition is chosen for the theoretical elution

concentration . "
onvy {()2}" + ur {(0)0}

Cin =
PnUn + Pyl

(45)

where v, and v,, correspond to the z-component of {<V> n}n and {(v)_}" One
can note that these local- and large-scale definitions are not mathematically
equivalent. Indeed, the theoretical definition (Eq. 45) using large-scale con-
centrations involves a spatial average process along the z-direction, whereas
the experimental expression (Eq. 44) is localized at the outlet surface (x = L).
The discrepancies between them have been estimated to be about a few per-
cent [92]. This point can partly explain the small differences between local-
and large-scale elutions curves, as plotted in figure 11. Moreover, the volume
averaging technique usually under-estimates the mass transfer coefficient a*,
at short times [1, 41]. This can be noticed in figures 9 and 10 where the ex-
perimental non-equilibrium between 7- and w-regions is slightly smaller than
the theoretical one. A similar observation is done in figure 11 where wee see
that, at early time (¢ &~ 5.10? s), the theoretical breakthrough occurs before
the experimental one. Consequently, the theoretical plume spreading is a little
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Fig. 10. Comparison between experimental results and theoretical predictions
(t =6.10% s).

larger. Additional discussions and comparisons based on elution curves, be-
tween the two-equation model and experimental simulations are proposed by
Golfier et al. [92].

Changing the permeability ratio leads to different macroscopic behaviors, as
illustrated in figures 12 and 13. For lower permeability contrast (k,/k, = 10 in
figure 12), the large-scale behavior approaches an equilibrium situation, since
the mass exchange is enhanced by a high inter-region convective flux (see fig-
ure 8). Although, large-scale non-equilibrium effects are less important in this
case, macroscopic convective transport must be taken into account in both re-
gions, justifying a "mobile-mobile” description. Nevertheless, the elution curve
could be accurately represented by a one-equation non-equilibium description
[89]. With a high permeability contrast (k,/k, = 1000 in figure 13), the ratio of
regional average velocities is around 500 (Fig. 4). Convective transport in the
nodules could be neglected, as diffusive processes are predominant. For that
class of two-regions systems, non-equilibrium effects are increased, but should
be fairly predicted by a "mobile-immobile” representation. In the framework
of a first-order kinetic theory to describe the mass exchange between the two
regions, the effective mass transfer coefficient, a*, given by the volume averag-
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Fig. 11. Comparison between experimental and theoretical elution concentration
curves.

1ng method is equal to the harmonic average of the eigenvalues associated with
the closure problem [41-43]. Several works have shown that this is the ”opti-
mal” value as it assures that the zeroth, first, and second temporal moments
of the breakthrough curve are maintained [33, 35, 43, 93]. However, using this
"average” value, the mass transfer is under-estimated at short times and over-
estimated at long times. In our case (k,/k, = 1000 in figure 13), the ratio
of the characteristic time for diffusion in the inclusions to the characteristic
time for convection in the matrix across the system is about 10, which is not
so important, accounting for the good agreement we obtained. If the contrast
of transport characteristic times increases, a two-equation description based
on a first-order mass exchange term may lead to discrepancies, as presented
by Golfier et al. [92], and additional developments are necessary to accurately
describe these processes. Finally, intermediate values of the permeability ratio,
like the first case presented in this section, lead to more complex large-scale
behaviors, as none of the local-scale transport mechanisms, namely convection
and dispersion, can be neglected. The two-equation models extended to ”mo-
bile/mobile” systems offer a more general framework, while being compatible
with their "mobile/immobile” counterparts.

We have shown that some confidence can be put on the proposed model, and
in the next part, the two-equation model will be used to focus on the non-
equilibrium which takes place in nodular systems.
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Fig. 12. Comparison between theoritical predictions and experimental results
(t =4.10% s).

4 Large-scale mass non-equilibrium condition

Large-scale mass non-equilibrium refers to situations in which the term ({ (c) fj }77 — {(c)

must be kept when developing the large-scale model. This is the case of the
two-equation model proposed here. To study the influence of this term, a non-
equilibrium criterion is built by integrating the concentration difference over

the domain at a given time.
\/ / RO (46)

with €, = n}"  Co={(2} (47)

w

The system under consideration is constituted by 10° nodular unit cells. For
the time range and mechanisms considered, this is large enough so that the
boundary condition on the right side of the system (Eq. 42) has no influence
on the results. Indeed, this case can be considered as a semi-infinite medium.
In section 3, the limitation to twenty unit cells was essentially due to the high
computational cost of fine local-scale simulations used to build the reference
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Fig. 13. Comparison between theoritical predictions and experimental results
(t =4.10% s).

solutions. This limitation vanishes as the results presented here come from the
1-D simulation of the macroscopic two-equation model.

First, for each set of local-scale characteristics, large-scale properties are com-
puted based on numerical resolution of the closure problems and introduced in
the two-equation model. In the second step, the two large-scale one-dimensional
concentration fields obtained are integrated over the entire domain to deter-
mine the non-equilibrium criterion at a given time (Eq. 46).

Time-evolution of the non-equilibrium criterion ©, for different permeability
ratios and for different dispersivities are presented in figures 14 and 15 respec-
tively. Permeability ratios, between 2 and 1000, have been taken greater that
1 because non-equilibrium effects appear mostly in this case. This point has
been documented in the heat transfer case (fig. 32 in Quintard and Whitaker
[94]) and observed for transport problems [2]. Other local-scale parameters are
taken equal to

Pe = 1000 — =10
ar

d
oL 7=06 =04 =025 (&)

while a7/l = 0.1 in figure 14, and k, /k, = 100 in figure 15. In each case, the
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Damkohler number is given for indication.

a*l

Da = —— (49)

{t,}

This dimensionless number represents the ratio of advection time through the
unit cell to the characteristic time associated with mass exchange. A small Da
compared to unity corresponds to slow mass exchange compared to convective
transport. In all cases studied here, Da is relatively small, attesting large-scale
mass non-equilibrium.

One can see on figure 14 that non-equilibrium effects increase with the perme-
ability ratio. This is in accordance with decreasing values of Da. When com-
puting the flow field, a large contrast of permeability increases the difference
of average velocities in each region. If mass exchange is not important enough
to homogenize the concentration between the two regions, a higher contrast
of convective transport velocities leads actually to greater non-equilibrium ef-
fects. On the contrary, when the contrast of permeability is close to 1, the
medium can be considered homogeneous and local equilibrium is observed as
expected. The results presented in figure 15 show that non-equilibrium de-
creases with high local-scale dispersivities. In this case, local-scale dispersion
mechanism increases the mass exchange between the two zones and tends to
homogenize the concentration. For very low dispersivities (ay/l = 0.01), the
transport problem is close to the purely convective case and non-equilibrium
effects are maximum. Similar conclusions have been put forth by Cherblanc
et al. [2], and several works have pointed out the importance of the local-scale
dispersion phenomena that can reduce drastically the macro-dispersion [95—
97]. For large Peclet numbers, the lower the local-scale dispersion, the greater
the non-equilibrium effects and the large-scale dispersion.

For short times, the constraints imposed by the initial boundary condition
(Eq 40) lead to

O@t=0)=0 (50)
For very long times, non-equilibrium approaches zero
tlg&@ (t)=0 (51)

Whatever the geometry, large-scale mass equilibrium is always satisfied asymp-
totically, for this initial boundary value problem. This observation reflects the
result that the two-equation model converges asymptotically to a one-equation
model [1, 89, 98]. One must keep in mind that this observation may depend on
our definition of the non-equilibrium criterion (Eq. 46). Consequently, a two-
equation model is devoid of interest in the asymptotic zone and the macro-
scopic behavior can be perfectly represented with a one-equation model, as
discussed in Quintard et al. [89]. However, the choice of the one-equation
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model and particularly the method to calculate the large-scale dispersion ten-
sor is the major problem. The equilibrium behavior in the asymptotic zone
would prompt us to use an equilibrium model. This kind of conclusion is not
correct. As defined by Quintard et al. [89], an equilibrium process arises when
the exchange coefficient o* is great enough, so that at any time, the two re-
gional averaged concentrations are equal, i.e., {(c}ﬁ}n = {<c>g}w It has been
shown in Quintard et al. [89] that the dispersion tensor in the case of a local
equilibrium model (according to the above definition) is given by

DY = DX+ Do+ D+ D (52)

It has also been shown that the concentration field obtained with this coeffi-
cient does not fit the one obtained from the complete solution of the problem.

The whole transport history must be taken into account when concluding
on the validity of the equilibrium assumption. An equilibrium state observed
at a given time is not sufficient to characterize an equilibrium process. The
non-equilibrium effects, which take place in the pre-asymptotic zone, will con-
siderably increase the global tracer spreading. Within the framework of a
one-equation description, the macroscopic longitudinal dispersion coefficient
given by a non-equilibrium model is generally greater than the one obtained
with an equilibrium representation [2, 73, 89, 99]. Indeed, in this case, the
asymptotic dispersion coefficient is given by

D3 =D, + Dg, + D, + D,

i <5w90wvn — EnPnlw 1 Uy, — unn)
a* {e}

5w90wv77 - 5n§0nvw
d, —d 53
(R ) )

and one sees that it depends on the mass exchange coefficient and on the re-
gional velocities. Therefore, non-equilibrium effects must be taken into account
when calculating macroscopic dispersion coefficients, especially if an apparent
dispersion behavior has been reached asymptotically.

The theoretical model and numerical procedures proposed in this work can
be considered as tools for the analysis and choice of the model to be used for
an accurate description of the macroscopic transport. Indeed, several mod-
els are embedded into a single formulation: two-equation model, one-equation
non-equilibrium model, equilibrium model. In addition, the proposed general-
ized two-equation model accounts for "mobile-immobile” as well as ”mobile-
mobile” systems.
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Fig. 14. Evolution of the non-equilibrium criterion as a function of time in a nodular
system for different permeability ratios. The Damkdhler is given between brackets
for indication.

5 Conclusion

This paper deals with large-scale solute transport in highly heterogeneous sys-
tems, where abnormal dispersion is usually observed. This behavior is com-
monly named ”anomalous” or "non-ideal” referring to the fact that it cannot
be represented by the classical advection-dispersion equation valid for ho-
mogeneous systems. A typical class of heterogeneous media leading to this
macroscopic abnormal behavior is related to double-permeability media. To
give prominence to these phenomena, a nodular geometry has been chosen
as most of the local-scale processes responsible of anomalous dispersion are
represented in such systems, i.e., preferential flow paths, retardation zone,
limited mass exchange between zones. So as to have some reference solutions,
local-scale numerical simulations based on a detailed description of the het-
erogeneities have been performed. Using a spatial averaging process over a
nodular unit cell, large-scale one-dimensional concentration fields have been
built, called ”experimental”. These simulations have shown that both local-
scale transport phenomena, convection and dispersion, may play a significant
role and should be taken into account when developing a macroscopic theory.
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Fig. 15. Evolution of the non-equilibrium criterion as a function of time in a nodu-
lar system for different local-scale dispersivities. The Damkchler is given between
brackets for indication.

A two-equation model has been developed using the large-scale volume aver-
aging method as proposed in Ahmadi et al. [1]. The main advantage of the
theory is that the local problems that are used to calculate the large-scale
properties are given explicitly in terms of the local properties, with little sim-
plifications. They incorporate the effects of advection and dispersion in both
regions. While limitations of the theory must be kept in mind, this example
has shown that even high non-fickian behaviors can be captured for many
systems having the structure of double-media.

The numerical tools associated with this theory are briefly presented, and
theoretical predictions have been compared favorably to numerical experi-
ments for the nodular case. This comparison clearly shows that two-domain
approaches are essential to catch complex large-scale dispersion phenomena,
since the mass non-equilibrium cannot be accurately represented by a one-
equation description. In some classes of heterogeneous structures, like the
nodular case presented here, discrepancies would have been observed with
"mobile-immobile” models at moderate permeability ratios, suggesting that
convection and dispersion must be taken into account when upscaling. This
confirms some conclusions put forth in Cherblanc et al. [2] arguing that local
dispersion process cannot be neglected when calculating the mass exchange be-
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tween zones. These encouraging results would suggest to extend this approach
to random media. Double-permeability system could be seen as simplified but
accurate models of general heterogeneous media generated from statistical
characteristics. The ability of the closure problems to link the local-scale to
the large-scale, could be used in relation with a geostatistical description of
heterogeneities.

Finally, the two-equation model has been used in a numerical analysis of the
non-equilibrium that takes place in a semi-infinite nodular system. This mass
non-equilibrium shows a maximum for intermediate times before going to zero
for long times. In the asymptotic region, the two-equation model converges to
a one-equation model, which does not correspond to the so-called local equilib-
rium model. As presented in Quintard et al. [89], an asymptotic one-equation
model must incorporate the tracer history through the non-equilibrium that
takes place before the asymptotic regime. The proposed model can be useful
to discuss the validity of the large-scale mass equilibrium assumption, and
predict when non-ideal effects appear.

Nomenclature
Ape Area of the boundary between the 1 and the w-region
contained in the large-scale averaging volume V., m?.
b, vector fields that maps V {(c)f }n onto ¢,, m.
by vector fields that maps V {(c)g}w onto ¢&,, m.
b,y vector fields that maps V {(c)f] }n onto ¢, m.
b vector fields that maps V {(c)f}}w onto ¢, m.
c* large-scale average concentration associated with a one-equation model, mol m™3.

Darcy-scale intrinsic average concentration in the n-region, mol m=3.
Darcy-scale intrinsic average concentration in the w-region, mol m=3.

n L . . _
5} large-scale intrinsic average concentration in the n-region, mol m=3.
B

w

c }w large-scale intrinsic average concentration in the w-region, mol m=3.
n spatial deviation concentration in the n-region, mol m=3.
Co spatial deviation concentration in the w-region, mol m=3.
Delt Darcy-scale effective diffusivity, m? s~1.
D* Darcy-scale dispersion tensor, m? s—1.
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Darcy-scale dispersion tensor in the n-region, m? s~

Darcy-scale dispersion tensor in the w-region, m? s!.

spatial deviation of the dispersion tensor in the n-region, m? s=1.

spatial deviation of the dispersion tensor in the w-region, m? s—*.

dominant dispersion tensor for the n-region transport equation, m? s~!.

coupling dispersion tensor for the n-region transport equation, m?

dominant dispersion tensor for the w-region transport equation, m?

coupling dispersion tensor for the w-region transport equation, m? s=1.

size of the unit cell, m.

characteristic length associated with the n-region, m.

characteristic length associated with the w-region, m.

characteristic length associated with the large scale, m.

lattice vectors, m.

unit normal vector directed from the n-region towards the w-region.
scalar field that map ({(c}i}w — {<c>§}n) onto &,.

scalar field that map ({<c>g}w - {<C>§}n) onto ¢,,.

time, s.

volume of the n-region contained in the averaging volume V.., m3.

volume of the w-region contained in the averaging volume V., m?.

large-scale averaging volume for the n-w system, m3.

Darcy-scale filtration velocity in the n-region, m s~

intrinsic regional average velocity in the n-region, m s=!.

spatial deviation for the filtration velocity in the n-region, m s~

Darcy-scale filtration velocity in the w-region, m st

intrinsic regional average velocity in the w-region, m s=1.

spatial deviation for the filtration velocity in the w-region, m s—*.

superficial average velocity, m s~

mass exchange coefficient for the n — w system, s~

Darcy-scale longitudinal dispersivity, m.
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ar Darcy-scale transversal dispersivity, m.
dij Kronecker symbol.
En total porosity in the n-region.
Eu total porosity in the w-region.
©n volume fraction of the n-region.
Do volume fraction of the w-region.
© non-equilibrium criterion.
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